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INTRODUCTION 
Stabilization of solutions to control problems leads to the problem of 
finding closed loop controls (feedback controls) which yield solutions along 
which a given Lyapunov function decreases. 
Namely, we consider a control problem described, for simplicity, in the 
form of a differential inclusion 
x’(t) E F(x(t)); 40) =x0> (1) 
where F is a set-valued map from R” to IR”. For studying the stability of 
solutions to (l), we introduce two functions W: Graph F-+ R’+ and 
V: Dom F-t KY’. 
A solution x( .) to (1) is “monotone” if and only if 
Qt>s V(x(t))- V(x(s)) + j’ W(X(T), x’(z)) dr 6 0. (2) 
s 
Such monotone solutions enjoy asymptotic properties, which are 
relevant to stabilization of the system [2, chap. 61. 
The purpose of this paper is to provide “closed loop” velocities, i.e., 
selections f(x) of F(x) which provide monotone solutions. For implement- 
ing such velocities, the knowledge of continuous selections is not sufficient. 
It is necessary to construct such closed loop velocities. The simplest exam- 
ples are the velocities of minimal norm among velocities providing 
monotone solutions. Although they are not, necessarily, continuous, we 
shall prove the existence of solutions which guarantee the monotonicity. 
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By introducing the concept of contingent epiderivative of V at x in the 
direction v defined by 
D, V(x)(v)=linl$f 
V(x + hv’) - V(x) 
h (3) 
one can prove under adequate conditions that the hypothesis 
Vx E Dam(F), 30 E F(x) s.t. D + V(x)(v) + W(x, v) d 0 (4) 
is necessary and sufficient for the existence of at least a monotone solution 
to (1) for any initial state x0 E Dom F. (See Theorem 1 below and [ 1, 21.) 
The question arises to find selections f( .) E F( .) such that the differential 
equation 
x’(t) =.0x(t)); x(0) = x0 E Dom F (5) 
has a monotone solution. Therefore, a necessary condition is that for all x, 
f(x) belongs to the set S(x) defined by 
S(x) = {v E F(x) I D + V(x)(v) + W(x, u) f 0). (6) 
For instance, if S is lower semicontinuous, with closed convex values, the 
Michael continuous selection theorem implies the existence of a continuous 
selection f*(x) E S(x). Therefore, we can deduce the existence of a 
continuous selection of F yielding monotone solutions. But this is not a 
constructive procedure. 
We then may think of taking constructive selections of the set-valued 
map S(x), for instance, 
h(x) := m(W)) = n,,,,(o)? (7) 
where fO(x) is the element of minimal norm of S(x). 
Unfortunately, f0 is no longer continuous. The object of this paper is to 
prove that, despite this lack of continuity, there exists a monotone solution 
to 
x’(t) =fob(t)), x(0) = xg (8) 
which is monotone: such solutions are called “slow” monotone solutions. 
Then we shall have to provide reasonable sufficient conditions implying the 
lower semicontinuity of S(x). 
The outline of the paper is as follows. In Section 0, we recall the needed 
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definitions. We introduce the concept of monotone solutions and 
Lyapunov solutions in Section 1 and of slow monotone solution in Section 
2. We provide in this section sufficient conditions for lower semicontinuity 
of S and derive a theorem of existence of slow monotone solutions. 
0. DEFINITIONS 
In this section we introduce the notion and the properties of the 
contingent epiderivative of a real-valued function which will be used in the 
next sections (See Cl].) 
Let K be a nonempty subset of Iw”. 
DEFINITION 1 (Boulingand Contingent Cone). 
TJx) = dK(X + ho) = o 
h 
where dK(x) = inf( 11x -yll, y E K} is the distance of x to K. 
DEFINITION 2 (Contingent Derivative of a Set-Valued Map). Let F be 
a set-valued map from K to [w” such that F(x) # 0. Let X~E K and 
y, E F(x,). We shall say that the set-valued map DF(x,, y,) from aB” to [w” 
whose graph is the contingent cone to the graph of F at (x,. y,) is the 
contingent derivative of F at (x,, yO). 
DEFINITION 3 (Contingent Epiderivative of a Real-Valued Function). Let 
V be a function V: H-N ]-co, + co]; we call T/+ the set-valued map 
whose graph is the epigraph of V and the domain is the domain of V. We 
consider its contingent derivative DV+(x, V(x)) and we shall say that the 
function D, V(x)(u)=inf{uJu~DV+(x, V(x))(u)> is the contingent 
epiderivative of V at x in the direction u. It is defined as 
D + V(x)(u) = lim inf 
V(x + hu’) - V(x) 
h-O+ h . u’ + u 
In this section we also introduce the notion of lower and upper semicon- 
tinuity of a set-valued map F: K + R”. 
DEFINITION 4 (Upper Semicontinuity). We say that F is upper semicon- 
tinuous in x0 E K if for any open U containing F(xo) there exists a 
neighborhood A of x0 such that F(A) c U. 
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DEFINITION 5 (Lower Semicontinuity). We say that F is lower semi- 
continuous in x0 E K if for any y, E F(x,) and any neighborhood N(y,) 
there exists a neighborhood N(x,) such that for any XE N(x,), 
F(x) n NY,) + 63. 
1. MONOTONE TRAJECTORIES OF A DIFFERENTIAL INCLUSION 
From now onward we will consider only the upper semicontinuous et- 
valued map F: K + Iw”, where K is a closed subset of R” such that F(x) is 
a non-empty convex closed set for any x E K and F(K) is a bounded set. 
Let V: K + IW+ and W: Kx[FB” + R+ be two given functions. 
DEFINITION 6 (Monotone Trajectory). We say that a trajectory x( .) of 
the differential inclusion 
x’(t) E W(t)); x(0) = x() (1) 
is monotone with respect o V and W if for any s > t 2 0, 
V(x(s)) - V(x(t)) + j-’ W(x(z), X’(T)) dT < 0. 
s (2) 
DEFINITION 7 (Lyapunov Function). V is a Lyapunov function for F 
with respect o W if it satisfies the property 
for any x E K there exists u E F(x) such that 
D, V(x)(v) + W(x, u) < 0, (3) 
or, equivalently, if it is a solution to the contingent Hamilton-Jacobi 
equation 
“& (D + J’(x)(v) + TX, v)) < 0. 
Remark. The value function obtained by the control problem is the 
smallest solution to this Hamilton-Jacobi contingent equation [2, Chap. 6, 
p. 308, Theorem 11. 
THEOREM 1 (Existence of Monotone Solutions [ 11). Assume that F is 
upper semicontinuous with nonempty, compact convex values. Zf W( ., .) is 
continuous and W(x, .) is convex and the function V is continuous Vor the 
topology induced on K), then for every x,, E K, there exists a monotone trajec- 
tory x( . ) on [0 co [ of the differential inclusion ( 1) if and only if V is a 
Lyapunov function. 
409/140/l-3 
30 NICOLETTA ANNA TCHOU 
Remark. Let us observe that the result remains true also if we request 
the linear growth of the set-valued function F (thanks to Gronwall’s 
lemma) instead of the hypothesis that F is bounded. 
2. SLOW MONOTONE TRAJECTORIES 
If C is a closed convex set we define m(C) by the property 
m(C) E C and llm(C)ll G llvll for any y E C. 
DEFINITION 1 (Slow Solutions). We say that a trajectory of the 
differential inclusion (1) is a slow solution of (1) if is a solution of the 
equation 
x’(t) = m(W(r))); x(0) = xg. (4) 
We will call S the set-valued map 
S(x)= {uEF(x)ID+V(.X)(U)+ W(x,u)<O). 
We want to prove the existence of slow solutions of the differential 
inclusion 
x’(t) E Wt)); x(0) = xg. (5) 
For that purpose we begin to study the continuity properties of S. Convex 
functions and C’-functions are examples of functions such that 
x -+ Epi D, V(x) = TEpi V(x, V(x)) is lower semicontinuous. This is the 
property we need for proving the following theorem. We introduce the 
subsets U(x) of S(x) defined by U(x) = (01 D, V(x)(u) + W(x, II) < -l}. 
THEOREM 2 (Lower Semicontinuity of S). We assume that F is lower 
semicontinuous, that V is such that the set-valued map TEpi “( ., V( .)) = 
Epi D + V( .) is lower semicontinuous, and that the following assumption is 
fulfilled: 
for any x there exist 8 > 0 and p > 0 such that for any y E B(x, a), 
@OF- U(Y). (6) 
Then S is lower semicontinuous. 
Proof Let uO E S(x,) and x, -+ x0. We have to prove that there exists 
{w,] E S(x,) s.t. o, + uO. Because of the lower semicontinuity of F, there 
exists (0,) s.t. u, + v,, and u, E F(x,), and because of the lower semi- 
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continuity of TEp, ,,(., V(.)), there exists ((u,, A,)> st. (u,, A,) + 
(433 - WXO, ~0)) and (u,, 4,) E TEpi y(x,, Vx,)), i.e., D, V(x,)(u,) G 1,. If 
we choose 
then 8, + 1 and 0~8, < 1. Therefore t!?,(p+ [III,- U, [1)-p <O and this 
inequality implies that 
but, because of assumption (6), 
h(U, - v,) = (1 - wh - u, 
where a, E F(x,) and 6, E U(x,). 
Let z,=8,o,+(l-e,)a,=8,u,+(l-e,)b, then Z, belongs to F(x,) 
because of the convexity of F(x,). Let’s prove that - W(x,, z,)> 
D + WJzn). 
First of all we have to remark that 
-W(x,,e,u,+(l-e,)b,)~e,W(x,,u,)+(1-8,) W(x,,b,). 
Thus we need only to prove that 
D + I/(X,)(%) + (1 - 6,) D + J’(xJ(brz) 
G 44 wx,, un) + (1 + 0,) wx,, 6,)) 
or 
en(D++,)(u,)+ w(x,, u,))+ (1 -e,)(D+ V(x,)(b,+ W(x,, b,))<O 
but 
en@+ WJ(u,) + Wx,, urn)) +(1 - e,W+ J’(x,)(b, + Wx,, b,)) 
Ge,(n,+ w(x,, u,))-(i -e,)=e,(n,+ w(x,, u,)+ I)- i ~0 
because of the choice of 8, and this implies that z, E S(x,). 
Moreover I/z, - v,,II < I (I- e,)l I(v,, - a, (I since a, E F(x,) then IJa, 1) G 
K,; on the other hand, the sequence u, is bounded. Since 0, + 1, therefore 
llz, -v, I( + 0, and since v, + vO, we obtain that z, + Q,. 1 
THEOREM 3 (Existence of Slow Solutions). Zf the assumptions of 
Theorem 2 are satisfied, if the set-valued map F is bounded and continuous 
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(i.e., upper semicontinuous and lower semicontinuous), and if V is continuous, 
then there exists a slow solution to the diJferentia1 inclusion (5). 
Proof (This method has been suggested by Halina Frankowska.) 
Because of the lower semicontinuity of S, the function x -+ d,,,,(O) is upper 
semicontinuous o is the set-valued map d,y,.,(0)B so that the set-valued 
map G defined by G(x) = F(x)n d,(,,(O)B satisfies the assumptions of 
Theorem 1. 
Therefore, there exists a monotone solution to x’(t) E G(x(t)); x(0) = x0 
with respect to V and W. 
Then this trajectory has the following properties: 
(i) x’(t) ~F(x(t)); x(0) =x0; 
(ii) D, V(x(t))(x’(t)) + W(x(t), x’(t)) <O a.e.; 
(iii) Ilx’(t)ll G ds~,~,~~(0). 
Properties (i) and (ii) say that the inclusion x’(~)E S(x(t)) holds true. 
Therefore (iii) implies that x(.) is a slow solution of (5). 1 
Remark. Naturally, the method we use can be extended to other selec- 
tion inclusions on one hand and to more explicit control problems with 
feedbacks 
6) x'(r)=f(x(t), u(t)), 
(ii) u(t) E U(x(t)). 
In this case, the set-valued map S is replaced by the set-valued S is 
replaced by the set-valued map is defined by 
R(x):={u~U(x)s.t.D+V(x)(f(x,u))+ W(x,u)dO}. 
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